Some structural properties of the energy eigenfunctions of a hydrogenic system in half space, are analysed. Specifically, we have obtained the asymptotic behaviour when the electron is far away from the nucleus, the coalescence property when it is close to the nucleus, the inflection property when it is close to the potential barrier, the property when the nucleus is far away from the barrier, and a virial relation. Simple model wave functions are developed, incorporating these properties which give accurate values for the energies and some other physical quantities, and give a useful understanding of the physical structure of the system.
Introduction
The hydrogenic system in half space is of considerable interest. It provides a useful model for the description of surface physics. In particular, it has been used to describe an electron moving in the potential of a heavy hole near a semi-conductor surface [1] , and to describe the surface effects on impurity states near the boundary of a crystal or semi-conductor surface [2] . In these cases the potential is Coulombic inside the solid but shoots up to infinity at the boundary. The model has been extended to describe the effect of the surface depth on impurity states in semiconductors [3] , and to a hydrogen atom interacting with an impenetrable surface of polar crystals [4] , for which the potential is Coulombic with some additions in the free space but shoots up to infinity at the crystal surface. The main feature of the model is, that the Schrödinger equation for the hydrogenic system in half space is separable in terms of what are known as confocal elliptic coordinates or prolate spheroidal coordinates [1, 2] . With these coordinates, the problem has been investigated with different approaches, using infinite continued fractions [1] , truncated matrix equations [2, 5, 6] , Killingbeck-Miller method [7] , and an eigenfunction expansion [8] . These approaches have yielded accurate, numerical values for the energy eigenvalues and eigenfunctions. The topic is of general interest and has been included in the review by Jaskolski [9] . However, what is lacking is a description in 0932-0784 / 04 / 0700-0455 $ 06.00 c 2004 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com terms of simple model wave functions, and an analysis of the structural properties of the eigenstates in different domains. An understanding of these properties is very helpful in the developing of model wave functions which are compact and accurate, and which provide a useful insight into the physical structure of the system.
Here, we analyse the structural properties of the hydrogenic system in half space, the asymptotic behaviour when the electron is far away from the nucleus, the coalescence property when the electron is close to the nucleus, and the inflection property when the electron is close the potential barrier. We also describe the virial relation and the structure of the wave function when the nucleus is far away from the potential barrier. We then develop some simple model wave functions for some states, incorporating these properties. These wave functions not only provide accurate values for the energies and some other physical properties, but also provide a very useful insight into their physical structure. We also obtain a simple, perturbative expression for the energy when the nucleus is close to the surface. Finally, we consider the scaling property and obtain an estimation for the spectrum of helium in half space. Atomic units e = m =h = 1 are used throughout.
Some General Properties
The hydrogenic system in the half space −∞ < x < ∞, −∞ < y < ∞, and z ≥ 0, with the nucleus at (0, 0, R/2), is described by the potential
where Z is the nuclear charge, which is 1 for the hydrogen atom. The potential being infinite for z < 0 implies that the wave function vanishes at z = 0, and the energy eigenfunctions are not separable in terms of spherical coordinates. Elliptic coordinates are appropriate [1, 2] for this case, and we begin by describing some general properties of the hydrogenic system in half space, in terms of elliptic coordinates. With the foci of the ellipse at (0, 0, R/2) and (0, 0, −R/2), the elliptic coordinates u, v, φ are
2)
where r describes the vectorial position of the electron from the centre, and R = Rk with k being a unit vector in the z direction. It is noted that z ≥ 0 corresponds to v ≤ 0.
Schrödinger Equation
For the hydrogen atom in half space we take the potential to be
where V 0 is a large positive quantity which we ultimately take to the limit of infinity, and θ (v) is the Heaviside step function. The first term in this potential is the Coulombic term, and the second term is the infinite barrier which confines the electron to negative values of v or equivalently positive values of z. The second term is taken in this form to allow separability of the Schrödinger equation in elliptic coordinates. Basically, it imposes the condition that the wave function should vanish at v = 0, but the specific form is important in the deduction of the virial relation. It may be noted that, since V 0 is ultimately taken to the limit of positive infinity, its being multiplied by the factor of 1/(u 2 − v 2 ) will not affect the barrier nature of the potential in (2.1), which mainly implies that the wave function vanishes at the boundary.
The Schrödinger equation for the hydrogen atom in half space, in elliptic coordinates, is
The equation is separable, and by writing
we obtain
where β is the separation constant. It may be noted that our separation constant β is different from the separation constant A used by Shan et al. [6] . The reason for this is that they separate out the u and v components in (2.4) before taking out the (u 2 − 1) |m|/2 and (1 − v 2 ) |m|/2 factors in (2.5). This leads to some additional terms from the derivatives of these factors. Our separation constant β is related to the separation constant A of Shan et al. [6] , as
Since we will concentrate mainly on (2.6) and (2.7), we prefer to use β as the separation constant. The barrier term in (2.7) requires that G(v) should vanish at v = 0, for V 0 → ∞. We now analyse some general properties of the solutions.
Asymptotic Behaviour
For determining the asymptotic behaviour of F(u), we first note that 9) which implies that
(2.10)
To obtain the more general asymptotic behaviour, we consider
Substituting this in (2.6) and equating the coefficients of successive power terms in u, we get from the first two equations
Though the power term is of some significance, the dominant part of the asymptotic behaviour is the exponential term with the exponent related to the energy as in (2.10) and (2.12).
Coalescence Condition
When the electron is close to the nucleus, it corresponds to u → 1 and v → −1. In this limit (2.6) and (2.7) lead to
Equating the two, one gets
14)
which may be described as the coalescence property [10] of the wave function when the electron approaches the nucleus.
Inflection Property
Since the potential barrier with V 0 → ∞ at v = 0 implies that the wave function vanishes at v = 0, one obtains from (2.7)
This may be described as the inflection property [11] of the wave function at the boundary. It is essentially a consequence of the fact, that when the wave function vanishes at a point, the remaining derivative terms in the Schrödinger equation together should also vanish at that point. For example, for the one particle case, 2 ψ should vanish at the points where ψ vanishes. When the solutions are available in the factorized form, it leads to the simpler inflection property related to the corresponding wave function, e.g. as in (2.15 ). This property is applicable to all wave functions which vanish at a point and which are in the factorized form, negative and positive energy wave functions. The inflection property is a simple property but useful in developing model wave functions.
Virial Relation
A virial relation for the energy eigenstates is a very useful relation especially for the excited states. The general virial relation for the energy eigenstates is
For the potential in (2.3) one obtains
which then leads to
Using the wave function in (2.5), one gets for the second term
Finally, it may be noted that, when the electron is inside the barrier, (2.7) implies that
where G (v) represents the derivative of G(v). Using the relation in (2.19), we finally get the virial relation
This relation will be used in developing model wave functions for the excited states.
Solutions for R → ∞
For large values of R, the wave function is concentrated mainly around the nucleus at the upper focus (0, 0, −R/2), and the vanishing of the wave function at v = 0 is not an important constraint. In this domain, we have essentially the Coulombic solutions, but in elliptic coordinates. In this case, ignoring the barrier term in (2.7), we note that the equations for F(u) and G(v) are identical except that they are relevant in different regions. Therefore, the wave functions can be written as products of F(u) and G(v), which are identical functions in the form
Therefore we need to obtain solutions only for F(u). For obtaining the solutions for F(u), we separate out the asymptotic behaviour
to obtain from (2.5)
We substitute
in (2.25) and equate the coefficients of x i to get
Now, though this is a three term recursion relation since there are two free parameters, the energy E and separation constant β , one can terminate the series and obtain normalizable solutions for F(u) and G(v). Taking
we have from (2.27) for i = n, n + 1,
With α in (2.24) we have for the bound state energies
which of course agrees with the usual Coulombic energies. Then (2.29) determines the separation constant. With the use of (2.27) for obtaining successive C i , (2.29) reduces to an algebraic equation of order (n + 1) in β . To be specific, we have
for n = 0, and the corresponding wave function is
In spherical coordinates this reduces to
For n = 1, we get two solutions: 
with the corresponding wave functions
2 ZRu/(|m|+2) ,
The main feature of the solutions is that for R → ∞, the solutions are given in terms of identical functions of u and v.
Solutions for R → 0
In the limit of R → 0 one has u → 2r/R and v → −cosθ , where r and θ are the spherical coordinates. The equations (2.6) and (2.7) reduce [5] to the radial and angular equations in spherical coordinates. We therefore have the usual Coulombic solutions with the additional constraint that the wave functions should vanish at θ = π/2. This imposes the condition that l + m in the Coulombic solutions should be an odd integer. Indeed, since the wave functions in this limit are products of angular and radial parts with well-defined l and m quantum numbers, it is appropriate to designate the hydrogenic states in half space in terms of the states for R → 0. In the usual notation [3] , these states would be 2pσ , 3pσ , 3dπ, 4 f σ etc.
Nucleus Inside the Barrier
For the nucleus inside the potential barrier, we can carry out a similar analysis with the −1/r 1 term in (2.3) replaced by the −1/r 2 term and the −ZRvG(v) term in (2.7) replaced by the ZRvG(v) term. This also is an interesting case of an impurity located inside the barrier plane.
Numerical Solutions
Numerical solutions have been obtained by several approaches, using infinite continued fractions [1] , truncated matrix equations [6] , the Killingbeck method [7] , eigenfunction expansion [8] etc. It would, however, be useful to develop a simple method for obtaining the solutions. Here we describe an elementary approach for obtaining solutions to (2.6) and (2.7). These equations have two parameters, the energy E and separation constant β , which are determined by the requirement that the solutions are bounded and non-singular in the physical domains, u : (1, ∞), and v : (−1, 0).
For obtaining the solutions for F(u) and G(v), it is convenient to use the variables
in terms of which (2.6) and (2.7) lead to
With the series expansions
we get the recursion relations
it is adequate to sum over the first 100 terms with D i obtained from the recursion relation in (3.6). Thus (3.7) is one constraint on the parameters E and β . For obtaining bounded solutions for F(u), we first use the series in (3.5) to obtain the solutions at u 1 = 1/2 − ∆ and u 1 = 1/2 for small ∆ . Then we continue to higher values of u 1 by converting (3.2) into a difference equation, which leads to
We then require that F(u 1 ) → 0 for u 1 → ∞, which imposes another condition on E and β . Thus the separation constant β and energy E are determined from the condition in (3.7) that G(0) = 0, and the condition that the continued solution for F(u 1 ) in (3.9) vanishes at infinity for, which we can approximate it by taking u 1 to be about 100/R. We have presented our results for the energies E and the separation constants β in Tables 1 and 2 , for the states 2pσ , 3pσ , 4 f σ and 3dπ. The results of our very simple approach agree with the results of Shan et al. [6] . We have also presented our results for the nucleus inside the potential barrier, at (0, 0, −R/2). As mentioned before, this is equivalent to changing the −1/r 1 term in (2.3) to −1/r 2 . The corresponding results are indicated in Tables 1 and 2 by placing the symbol (−) after the values of R. The energies are plotted in Fig. 1 as functions of R, to provide a qualitative understanding of the variation. It may be noted that for large values of R, the excited states are pushed up slightly, whereas the ground state energy is not affected significantly. For smaller values of R, the ground state energy increases significantly, whereas the changes in the excited state energies are relatively smaller. What Table 1 . The numerically calculated values of the energies E and the corresponding separation constant β , for 2pσ and 3pσ states, for some values of R. The entries with (−) in the bracket correspond to the nucleus inside the potential barrier at (0, 0, −R/2). Table 2 . The numerically calculated values of the energies E and the corresponding separation constant β , for 4 f σ and 3dπ states, for some values of R. The entries with (−) in the bracket correspond to the nucleus inside the potential barrier at (0, 0, −R/2). this implies is that, when the confining radius R decreases from large values, at first the energy differences between the excited states and the ground state increase slightly, but then start decreasing for smaller values of R. It would be very interesting to observe this in terms of the corresponding variations in the spectral properties. Fig. 1 . Energies of the 2pσ , 3pσ , 4 f σ , and 3dπ states, as functions of R where R/2 is the distance of the nucleus from the infinite barrier.
Model Wave Functions
We now develop some model wave functions incorporating the general properties we have discussed, which yield accurate values for the properties of the hydrogenic system in half space and which give an insight into their physical structure.
Ground State Wave Function
For the ground state, we consider a wave function
This wave function incorporates the asymptotic behaviour in (2.10) and the inflection property in (2.15).
We determine the parameter a by using the coalescence property in (2.14), which leads to
Thus, the parameters α and a are related to the energy E which is determined iteratively by requiring that the input energy and the output energy
are equal. Only about 2 or 3 iterations are required for obtaining an equality to 4 decimal places. It may also The calculated values of the energy E, and some relevant expectation values obtained from our wave function are given in Table 3 . The calculations involve simple integrations. Some of the details are given in the appendix A. The values of the energies are close to the numerically calculated values. It may also be noted that the virial ratio
which is the ratio of the terms on the right-hand and left-hand side of (2.22), should be 1 for the exact energy eigenfunctions. The values of this ratio, calculated by using the expressions in (2.22) with our wave function, are close to 1. It must be emphasized that our wave function is essentially parameter-free, but incorporates the asymptotic property, coalescence property, inflection property, and the property for large R. The accuracy of the predictions emphasizes the importance of these structural properties.
There are some interesting implications of the results. It may be noted that, when R decreases from large values, < r 1 > decreases up to R ≈ 3.0. This may be regarded as a consequence of the compression of the electron cloud between the nucleus and the potential barrier. However, for R less than 3.0, < r 1 > increases to about 5.0 for R → 0. This is the consequence of the property that the binding energy of the electron decreases for smaller values of R and the electron becomes more loosely bound. Another interesting property is that when R decreases, < z 1 > increases, which implies that the potential barrier induces an electric dipole in the atom which increases as R decreases. It also implies that, when there are two hydrogen atoms near an impenetrable surface, the dominant interaction between them at large separations will be due to the interaction between the dipoles induced by the barrier,
where
and r 12 is the separation between the atoms. It would be very interesting to observe this potential for two hydrogen atoms near an impenetrable surface.
Lowest Energy State with m = 1
For the lowest energy state with m = 1 we take a wave function
This wave function also incorporates the asymptotic behaviour in (2.10) the inflection property in (2.15), and the property in (2.23) for large R. The parameter a is again determined by using the coalescence property in (2.14) which leads to
The energy is determined iteratively, so that the input energy E and the output energy
are equal. Some of the details of the calculations are given in appendix A.
The calculated values of the energy E, and some relevant expectation values obtained from our wave function in (4.6) are given in Table 4 . The predicted values of the energies are close to the numerically calculated values, and the virial ratio in (4.4), which is the ratio of the right-hand and left-hand side of (2.22), is close to 1. This indicates the good quality of the wave functions based on the general structural properties.
First Excited State with m = 0
For the excited states, there is a tendency for the model wave functions to collapse to the ground states. This we avoid by requiring that the wave function satisfies the virial relation in (2.22), which is a property satisfied by the eigenstates of energy. For the first excited state with m = 0 we choose a model wave function
This form conforms with the property in (2.23) that F(u) and G(v) tend to the same form for R → ∞. To see this, it may be noted that α is large for large R, and since v is in the range (−1, 0), the dominant part of G(v) in (4.9) tends to F(u) with b → 0. Our wave function in (4.9) incorporates the asymptotic behaviour in (2.10) and the inflection property in (2.15). We determine the parameter b by using the coalescence property in (2.14), which leads to
. The remaining parameter a is determined by requiring that the virial relation in (2.22) is satisfied. The calculations are similar to those for the ground state, except for the extra terms in F(u) and G(v). The energy E is determined iteratively, so that the input energy E in (4.9) and the output energy
are equal. The calculated values of the energy E and some relevant expectation values obtained from our model wave function are given in Table 5 . The values of the energy are close to the numerically calculated values. This again emphasizes the importance of the structural properties of the wave functions and the virial relation in (2.22) in the development of model wave functions.
Perturbative Solutions
When the nucleus is on the barrier surface, we have the exact hydrogenic solutions with odd values for l + m. Therefore, when the nucleus is slightly above the surface, we can analyse the problem perturbatively with
being the unperturbed potential, and
being the perturbation potential. Then the energy, correct to first order in the perturbation, is given by
where n r is the radial quantum number and l + m is an odd integer. For example, for the ground state, i.e. 2pσ state, we have
for the unperturbed wave function, so that for small R we get
This gives reasonable values for R ≤ 0.5. For example, for R = 0.5 it gives E = −0.1406, whereas the accurate, numerical value is E = −0.1450.
Helium Atom in Half Space
Here we extend our analysis to deduce the energies of He atom in half space.
Scaling Property
The properties of the hydrogen atom with nuclear charge 1 can be extended to a one-electron system with nuclear charge Z by a scale transformation. With the scale transformation, the Schrödinger equation in half space for the system with nuclear charge Z takes the form
with the boundary condition ψ(z = 0) = 0. Choosing λ = 1/Z, and comparing the equation with the hydrogenic equation, we get
This allows us to obtain the energies for one electron ion with nuclear charge Z in terms of the hydrogenic energies.
Energies for He
For a He atom in half space, the hamiltonian is
with Z = 2. We approximate the hamiltonian by taking
This is a reasonable simulation for the ground state in terms of a screening effect. Then the hamiltonian decouples and the ground state energy is given by
This gives the energy of the helium atom at a distance of R/2 from the plane, in terms of the hydrogenic energy with the nucleus at a distance (Z − δ )R/2 from the plane. For obtaining a suitable expression for δ , we require that (5.5) gives the correct helium energy −2.9037 for R → ∞, which implies that δ → 0.2960 for R → ∞. Including the correlation, we expect < 1/r 12 > to be smaller, and we take (5.12)
Discussion
We have considered some structural properties of the energy eigenfunctions of a hydrogenic system in half space. For the separable solutions in terms of elliptic coordinates we have analysed the asymptotic behaviour when the electron is far away from the nucleus, the coalescence property when the electron is close to the nucleus, the inflection property when the electron is close to the potential barrier, the factorization property when the nucleus is far away from the potential barrier, and the virial relation. These properties provide a clear insight into the structure of the wave functions, for example, the asymptotic behaviour gives a relation between the exponent of the asymptotic term and the energy of the system, and the vanishing of the wave function at the barrier surface implies the inflection property at the surface. We have then developed essentially parameter-free model wave functions for some states, incorporating these properties, which give accurate values for the energies and some other relevant quantities. This illustrates the importance of the structural properties in the development of simple and useful wave functions, which needs to be emphasized. These wave functions provide a physical understanding of the spectral and spatial properties of a hydrogenic system near a barrier, such as an electron and a heavy hole near a semi-conductor surface, impurity states or a hydrogen atom near a crystal surface. In particular, it may be noted that the induced dipole moment leads to a leading, long-range dipole-dipole interaction between two atoms. Finally we have considered the scaling properties of the energies and wave functions to obtain reliable estimates for the ground state energies of the helium atom in half space.
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